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1. INTRODUCTION 
This paper deals with self-dual configurations 8s and 93 in a projective 
plane, that is, with sets of 8 or 9 points, and the same number of lines, 
so arranged that each line contains 3 of the points and each point lies 
on 3 of the lines. Combinatorially there is only one 83, but there are three 
kinds of 9s. However, we shall discuss only the kind to which the symbol 
(9s)i was assigned by Hilbert and Cohn-Vossen [24, pp. 91-98; 24a, 
pp. 103-1111. Both the unique 8s and this particular 9s occur as sub- 
configurations of the finite projective plane PG(2, 3), which is a 134. 
The 83 is derived by omitting a point 0, a non-incident line I, all the 
four points on E, and all the four lines through 0. Similarly, our 9s is 
derived from the 134 by omitting a point P, a line 1 through P, the 
remaining three points on I, and the remaining three lines through P. 
Thus the points of the 83 can be derived from the 9s by omitting any 
one of its points, but then the lines of the 83 are not precisely a subset 
of the lines of the 9s. Both configurations occur not only in PG(2, 3) 
but also in the complex plane, and the 93 occurs in the real plane. For 
this reason the 9s is the more familiar; we will consider it first, postponing 
the detailed discussion of 83 till 5 14. 
We shall find that each configuration has a group of automorphisms 
and dualities generated by a set of involutory dualities (interchanging 
each point with a corresponding line in such a way that all the incidences 
are dualized). In the case of 83 there are eighteen involutory dualities 
generating a group of order 96. In the case of 9s there are again 18 
involutory dualities, but they generate a group of order 216. In the finite 
geometry all the dualities are correlations and therefore all the auto- 
morphisms are collineations. This property remains valid for the complex 83, 
but its eighteen involutory correlations fall into two sets : twelve polarities 
and six antipolarities. In fact, there are 24 projective collineations, 24 
antiprojective collineations, 24 projective correlations, and 24 anti- 
projective correlations. These four sets of 24 transformations may be 
described as follows. The first forms the group SL(2, 3). This and the 
second or third form GL(2, 3), so that the whole group of order 96 has 
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two non-conjugate subgroups QL(2, 3). Finally, the first and last form 
a different group of order 48 for which the symbol 2[6]3 is appropriate 
because it has the presentation 
T2=Us= 1, (TU)a= (UT)a. 
In the case of the real (or complex) 93, there are, in general, no self- 
correlations, and the collineation group is of order three. Among the 
eighteen involutory dualities, the number of polarities may be zero or 
three or six. If it is three or six, the group of collineations and correlations 
is the dihedral group SDS (of order 6) or 912 (of order 24), respectively. 
2. PAPPUS’S THEOREM AND THE GRAVES TRIANGLES 
Pappus of Alexandria is known to have lived in the fourth century, 
for he described a solar eclipse that he had observed on the 18th of 
October, AD. 320. It was he who proved the earliest theorem of what 
we now call projective geometry (fig. 1): 
If points E and Z are taken on lines AB and I’d, and if AA, AZ, BI’, 
BZ, Ed, ET are drawn, then the points of intersection H, K, M till lie 
on one line. 
As Van der Waerden remarks [40, p. 2891, Pappus reached this result 
by means of a &ring of thirteen lemmas which he proved “by drawing 
parallel lines and by cleverly juggling with proportions.” 
r z A 
Fig. 1. The Pappus cor&guration 93. Fig. 2. Hilbert’s dine version. 
Hilbert [23, pp. 54, 611 projected Pappus’s “one line” to infinity so 
as to obtain an affine statement (fig. 2) which he called “Pascal’s Theorem”. 
(Euclid could have proved it quite easily). Hilbert made the important 
observation that this affine theorem is the geometric counterpart of 
commutative multiplication in algebra. Later, he and Cohn-Vossen 
[24, pp. 91, 98; 24a, pp. 103, 1101 recognized the complete figure (fig. 1) 
as a self-dual configuration 93, that is, as consisting of 9 points and 9 lines, 
with 3 lines through each point and 3 points on each line. Their designation 
“Brianchon-Pascal configuration” was evidently suggested by the fact 
that ABKAI’H is a hexagon circumscribed to a degenerate conic envelope 
consisting of the two points E and 2, while AZBI’EA is a hexagon 
inscribed in a degenerate conic locus [15, p. 901. They remarked that 
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the same figure may be described (in six ways) as a cycle of three triangles 
(such as ABZ, FdM, RHE), each inscribed in the next. This aspect had 
already been noticed by Von Staudt [34, p. 55 (0 113) ; see also Hessenberg 
22, p. 831 and still earlier by Graves [20, p. 1301. Accordingly we shall 
speak of the six cycles of three Graves triangles, or of the eighteen Graves 
triangles. 
5 6 I 
Fig. 3. Bainbridge’s notation. 
In one of the annual examinations for undergraduates in Toronto, the 
students were asked to assign a symmetrical notation to the nine points 
of the Pappus configuration. The expected answer was “Ao, Ai, As, 
Bo, Bi, Bs, CO, Ci, CZ with A$?&~ collinear whenever j+ k+ 13 0 (mod 3)” 
[26, p. 1081. However, one student, E. S. Bainbridge, drew fig. 3 as his 
answer. When the nine points are so numbered, jkl are collinear if and 
only if 
2.1 j+lc+Z=O(mod9) and jfk(mod3). 
Since this specification is invariant for the transformations 
j -+ j+3 (mod 9) and j -+ 2j (mod 9), 
these transformations may be freely applied to any statement about the 
incidences in the configuration. Thus, from the collinearity of 8, 0, 1 
we may deduce all the nine triads of collinear points (named, as in fig. 4, 
by letters in an order that will later be seen to have a reason): 
c =801, i =234, f =567, 
b = 702, e = 468, h= 135, 
g=504, d=837, a=261. 
S. Kantor [25, p. 9181 noticed that each row of this little table is a 
set of three lines together containing all the nine points, so that, since 
any three lines in the plane may be regarded as a degenerate cubic curve, 
the nine points are associated in the sense that every cubic curve through 
eight of them passes through the ninth also. (This remark could easily 
be re-phrased as an unusual proof of Pappus’s theorem). 
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Similarly, one cycle of Graves triangles can be repeatedly doubled to 
yield the whole set of six: 
1 012, 345, 678; 
024, 681, 357 ; 
048, 372, 615; 
087, 654, 321; 
075, 318, 642; 
051, 627, 384. 
2.2 
(The last cycle has been shaded in fig. 4). 
Fig. 4. The Graves triangles 051, 627, 384, each ‘inscribed’ in the next. 
Throughout this paper we assume the configuration 9s to consist of 
nine distinct points and nine distinct lines, with no point lying on a 
“wrong” line : we do not consider “minor” Pappus configurations analogous 
to the “minor Desargues configuration”. However, in $ 9 we shall 
temporarily allow three points, not usually collinear, to lie on a tenth 
line, and three lines, not usually concurrent, to pass through a tenth point. 
3. THE FINITE AFFINE PLANE EG(2, 3) 
Although the concept of a finite projective geometry was first described 
in 1856 by Von Staudt [35, pp. 87-881, the symbols PG(n, q) and EG(n, q), 
for the projective and affine n-spaces whose coordinates belong to the 






Fig. 6. Coordinates module 3. Fig. 6. The Pappus configuration 
on a torus. 
[38, pp. 244, 255], One of the simplest instances is the “plsne of order 
three”, PG(2, 3), which consists of 13 points and 13 lines with 4 lines 
through each point and 4 points on each line. The collinestions of this 
plane into itself constitute the group P&5(3, 3) of order 5616 [17, p. 991. 
The subgroup thst leaves invariant one of the 13 lines is the extended 
Hessisn group of order 432 [4, pp. 329, 374, 3911. Taking this invarisnt 
line to be the side x= 0 of the triangle of reference, and then calling it 
the line at infinity, we derive the corresponding afine plane, which is 
denoted by BG(2, 3) (b ecause in 1906 finite af%ne plsnes were called 
finite Euclidean planes). The points for which z#O (that is, z= 1 or 2, 
mod 3) may be denoted by (2, y, 1) ; for (x, y, 2) is the same point as 
(2x, 2y, 1) or (-X, -y, 1). Thus the nine points of EG(2, 3) have afline 
(non-homogeneous) coordinrttes (x, y), each taking any one of the values 
0, 1, 2 (mod 3), and the twelve lines have equations 
x=1, y=A, x+y=il, x-y=i2, 
with these same three possible values for il. Because we are working in 
the field GF[3] (or using residues modulo 3), any points msrked alike 
in fig. 6 sre supposed to be identified, as if the square were wrapped 
round a torus. For simplicity, (2, y) appears as zy. 
The 432 collineations that leave invariant the line at infinity, and thus 
belong to the affine plane EG(2, 3), are called afline collinestions or 
affinities. In the extended Hessian group, the subgroup of index 4 that 
leaves invariant one of the four points at inflnity, say (1, 1, 0), is a group 
of 108 afhnities operating on the 9 points of EG(2, 3) and the 9 lines 
not parallel to z= y. Among the 13 points and 13 lines of PG(2, 3), we 
have now discarded (or specialized) the line z= 0, the point (1, 1, 0) on it, 
the remaining 3 points on the special line, and the remaining 3 lines 
(appearing as broken lines in fig. 6) through the special point. Thus self- 
duality has been restored: the remaining 9 points and 9 lines form a 
configuration 9s which can be identified with the Pappus configuration 
by comparing fig. 6 with fig. 3 or fig. 4. 
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By a famous theorem of Von Staudt [34, p. 134; 15, p. 701, if two 
triangles (with 6 distinct vertices and 6 distinct sides) are perspective, 
they are related by a polarity which also relates their centre of perspective 
and axis of perspective. By comparing fig. 6 with the list 2.2, we see 
that any two Graves triangles belonging to the same cycle are related 
in this manner: their centre of perspective is the special point (1, 1, 0), 
and their axis of perspective is the line at infinity z = 0. Thus there are 
eighteen conies, for each of which two such Graves triangles are polar 
triangles while the third triangle in the same cycle is self-polar. When 
the square in fig. 6 has been “sheared” into a rhombus (see fig. 7), the 
eighteen Graves triangles appear as equilateral triangles forming the 
regular map (3, S} 3,o on a torus [8, p. 221, and the eighteen tonics may 
reasonably be represented by their circumcircles. For instance, the circle 
drawn in fig. 7 reciprocates the triangle 345 into 678. With respect to 
the corresponding conic of PG(2, 3), the three parallel lines a, d, g are 
the polars of the three collinear points 0, 3, 6, in agreement with the 
above remark that 012 is a self-polar triangle. Christopher W. Norman 
has pointed out (in a letter) that these eighteen tonics are the only tonics 
of PG( 2, 3) that touch the line x = 0 at (1, 1, 0). In the language of atie 
geometry, they are the parabolas of EG(2, 3) with diameters parallel to 
x = y. Since a conic in PG(2, 3) has only four points and four tangents, 
a parabola in EG(2, 3) has only three points and three tangents. For 
instance, the parabola for which 012 is a self-polar triangle consists solely 
of the three points 3, 4, 5 and the three lines d, e, f which are the tangents 
there. As a permutation of the 9 points and 9 lines, the corresponding 
polarity is 
3.1 (0 4 (1 b) (2 4 (3 4 (4 4 (5 f) (6 9) (7 h) (8 9. 
Fig. 7. The map of 18 triangles. Fig. 8. Generating reflections for the 
group [3, 61. 
4. THE GROUP OF ATJTOMORPHISMS 
In order to identify the collineation group of this Pappus configuration 
with the symmetry group of the regular map (3, 6}3,0, let us first consider 
18 Indagationes 
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the infinite tessellation (3, S} of equilateral triangles in the Euclidean 
plane which is the universal covering surface of the torus (see fig. 7). 
By drawing the medians of the equilateral triangles, we decompose them 
into small triangles (with angles n/2, n/3, n/6), one of which has been 
shaded in fig. 8. This triangle serves as a fundamental region for the 
symmetry group: each symmetry operation is determined by its effect 
on the shaded triangle. The group is generated by reflections RI, Rs, Rs 
in the sides 58, 14, 12 of this triangle. As permutations of the points and 
lines, we have 
RI=@ 4) (1 6) (3 7) (b i) (c e) (f h), 
Rs= (0 8) (2 3) (5 6) @ 4 (b 4 (e g), 
Rs= (0 3) (5 8) (4 7) (b i) (c h) (d g) (e 1). 
Referring back to fig. 5 and fig. 6, we recognize these transformations 
as affinities (over the field GF[3]): 
x’=y+2, y’=x+ 1, 
x’=2x+2y+2, y’=y, 
x’=2y+ 1, y’=22+ 1, 
or as matrices 
Since the map on the torus consists of 18 equilateral triangles, each 
decomposable into 6 small triangles, the order of its symmetry group is 
108. Thus the. symmetry group and the collineation group are not merely 
homomorphic but isomorphic. 
The symmetry group of the infinite tessellation {3,6} has the presentation 
R1s=R2s=Rs2= (RrRs)s= (RsRs)s= (RsRl)s= 1 
[12, p. 791. The translation subgroup of this infInite group of isometries 
is generated by the squares of the glide reflections RsRsRl and RlRsRs 
[17, pp. 54, 1 ll-1131. Thus the big rhombus (fig. 8) is repeated by 
translations (RsRsR# and (RrRsRs)s, and the symmetry group of the 
finite map (3, 6}3,0 is derived from the symmetry group of (3, 6> itself 
by adding the extra relation 
(RaRsRr)s= 1. 
As a step towards a simpler presentation involving fewer generators, 
let us define 
A=RrRs, B=RzRs, C=RsRzRr, 
263 
so that RI = BC, R2= BCA, Rs =CA. The new presentation 
4.1 A3 = B6= CY= (AB)2= (BC)2= (CA)2= (ABC)2= I 
exhibits this group of order 108 as the member G31696 of an interesting 
family [32, p, 68; 5, p. 1111. The generators are now 
A=(0 4 8) (1 5 6) (2 3 7) (a h f) (b i d) (c g e)= 
4.2 B=(O 5 6 8 3 2) (4 7) (a c h) (b g f e d i)= 
4.3 C=(O 2 7) (1 6 5 4 3 8) (a f g i d c) (e h)= 
Since (ABC)-2 = BC . CA - AB, the above relations imply 
AsBsCs = 1, 
whence A= BzCs. Thus the two generators B and C suffice. Substituting 
BsCs for A, we deduce the concise presentation 
4.4 B6 = (9 = pq3 = pj3c3)2 = ppc3)3 = 1. 
Since the relation (BC)2 = 1 implies 
(BWs)3 = BsCzBsCsBCBsCsBW2 = (BsCsB)s(CBV)s 
[S, p. 1121, there is no need to adapt the relation As= 1. 
5. THE LARGER GROUP INCLUDING DUALITIES 
The symmetrical nature of the presentation 4.4 shows that this group 
Gs~6~6 has an involutory automorphism that transforms B into C (and 
C into B). The representation by permutations of 0, 1, . . . . 8 shows that 
this must be an ozcter automorphism. Adjoining to Gs~696 a new element D 
that transforms it in this manner, so that 
D2=1, DBD=C, DCD=B, 
we obtain a group of order 216 having the presentation 
5.1 03 = D2 = (CD)4 = (CYDCYD)2 = 1. 
Since B fixes the point 1 while C fixes the line b, we may expect D 
to dualize the configuration in such a way as to interchange this point 
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and line. Comparing the cycles (b g f e d i) and (1 6 5 4 3 8) in the 
above representation for B and C as permutations, we see that the lines 
b, g, f, e, &, i should correspond respectively to the points 1, 6, 6, 4, 3, 8. 
Comparison of (0 5 6 8 3 2) and (a f g i d c) shows that 0 and 2 
should correspond to a and c. Finally, comparing (4 7) and (e h), we 
obtain the complete description 
5.2 D=(o 4 (1 b) (2 4 (3 4 (4 4 (5 f) (6 9) (7 h) (8 4. 
(The remaining cycles, (a c h) and (0 2 7), confirm this conclusion). 
Geometrically, in terms of the Euclidean geometry of fig. 7, B is the 
hexagonal rotation about the fixed point 1, C is a glide reflection with 
axis b, and D is a duality which appears in the finite geometry as the 
polarity 3.1. 
To summarize, we have found that the group of automorphisms of the 
general Pappus configuration 9s is Ga,6p6, of order 108, with representation 
4.2, 4.3 and presentation 4.4. Moreover, the group of automorphisms and 
dualities is the extended group 5.1, of order 216, generated by the 
permutations 4.3 and 5.2. 
Since the automorphisms B, C and the duality D preserve all the 
incidences of the configuration, our conclusion concerning these groups 
is independent of the coordinate field: the above use of GF[3] is suggestive 
but not essential. However, it is interesting to observe that, in this 
simplest finite geometry of odd characteristic, all the 108 automorphisms 
are collineations and all the 108 “point-line correspondences” are 
correlations. This fact is not surprising ; for, an automorphism is a 
permutation of the points and lines of the configuration ; and when we 
say it is a collineation (or affinity) of the whole projective (or atie) 
plane, we mean that it induces a permutation of all the remaining points 
and lines of the plane in such a way as to preserve incidence. If, as in 
the present case, the points of the configuration happen to be all the 
points of the affine plane, the distinction between automorphisms and 
affinities disappears. 
6. THE GROUP @s616 AND ITS ELEVEN CLASSES OF CONJUGATE ELEMENTS 
The analogy between the finite a&e plane EG(2, 3) and the Euclidean 
plane of fig. 7 enables us to use familiar terminology to describe the 108 
elements of the group Gasses. They consist of 
1 identity, 
2+ 6 translations such as (B-%)2 and 0, 
9 half-turns such as Ba, 
6 + 12 trigonal rotations such as Ba and BsCY, 
18 hexagonal rotations such as B, 
9+ 9 reflections such as (B-%)3 and c3, 
18 + 18 glide reflections such as B-W and C. 
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By adding to 4.4 the relation B ti C, we obtain the commutator 
quotient group 
Bs=Cs= (BC)s= 1, 
which has order 4. Hence the commutator subgroup (or “derived group”) 
of G~v’Q is of index 4; it is generated by the trigonal rotation 
b=Bs=(O 6 3) (2 5 8) 
(which is the commutator B-sCVBW3) and the translation 
c=CY=(O 7 2) (1 5 3) (4 8 6). 
These generators satisfy the relations 
b3 = c3 = (bc)3 = (b-143 = 1 
[17, p. 801, which serve to identify this subgroup with 
(3, 3 1 3, 3) &% B2,3, 
the Burnside group of order 27. As a subgroup of Gs~s~S it consists precisely 
of the 27 elements of odd period, namely the 9 translations and 18 
trigonal rotations. 
It may also be regarded as the intersection of two isomorphic (but 
not conjugate) subgroups of order 54: one generated by A and B (or 
B and Cs), the other by A and C (or Bs and C). The former, having the 
presentation 
A3 = B3 = (AB)2 = (A-lB-lAB)3 = 1, 
is (2, 3, 6; 3) [S, p. 100, with k=3]. The latter is the same with B 
replaced by C. 
There are also two isomorphic (but not conjugate) normal subgroups 
of order 18: one generated by half-turns 
R = Ba, S = C-sBsC2, T = C-1B3C, 
and the other generated by reflections Cs, B-sCsB2, B-WsB. The former 
consists of the nine halfturns and nine translations (including the identity) 
and thus leaves invariant each of the four points at infinity. Having 
the presentation 
Rs=Sa=Ts=(RST)s=(RS)3=(RT)s=l, 
it is ((3, 3, 3; 2)) [S, p. 143; 17, p. 1341. The latter consists of nine 
reflections, six trigonal rotations and three translations (including the 
identity) and thus leaves invariant each of ,the three lines in the special 
direction or, in projective language, each of the four lines through (1, 1, 0). 
The intersection of these two subgroups ((3, 3, 3 ; 2)) is the normal 
subgroup of order 3 generated by the translation 
6.1 (B-rC)s=(O 3 6) (1 4 7) (2 5 8) 
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j -+ j+3 (mod 9). 
The quotient group, of order 36, equally well presented as 
Be = C’3 = (BC)z = (B-V-42 = 1 
or 
(BC)s= (B%‘s)s= (BsC3)2= (B-%)2= 1, 
is the direct product 
(6, 6 I 2, 2) FE G3 x G3 
of two symmetric groups of order six [5, p. 811. As permutations, derived 
from 4.2 and 4.3 by identifying 
0=3=6, 1=4=7, 2=5=8, a=d=g, b=e=h, c=f=i, 
we have 
B= (0 2) (a c b), C= (0 2 1) (a c). 
One symmetric group is generated by Bs = (0 2) and Cs = (0 1 2), the 
other by Bs= (a b c) and @=(a c). In other words, the former per- 
mutes the three lines through the special point at infinity (1, 1, 0), 
while the latter permutes the remaining three points at infinity. 
7. THE POSSIBILITY OF PERSPECTIVE TRIANGLES IN A GRAVES CYCLE 
We saw, in 5 3, that, in the finite plane PG(2, 3), any two Graves 
triangles belonging to the same cycle are perspective and are consequently 
interchanged by a polarity. The fact that this fails to happen in a general 
projective plane provides a vindication for Gergonne in his old dispute 
with Poncelet, who once argued that duality is synonymous with polarity; 
for we have here a figure that is self-dual without being self-polar. 
Sahib Ram Mandan mentions that he established the following theorem 
“many years back” : 
If a cycle of three triangles has the property that each triangle is inscribed 
in the next, and the further property that two of the triangles are perspeciive, 
then each of these two is perspective with the third triangle, and the axis 
of perspective for each pair of triangles passe.s through the centre of perspective 
for the next pair. 
The following proof was kindly supplied by A. P. Guinand. 
Referring to fig. 9, suppose triangles 678 and 012 are given to be 
perspective, so that the three lines 60, 71, 82 all pass through one point P. 
Pairs of corresponding sides of triangles 345 and 678 intersect in three points 
L=45.78, M=35.68, N=34.67 
which, as we shall find, are collinear. In fact, the line IMP, being the 
Fig. 9. A “perspective” 93. 
axis of perspective for triangles 173 and 604 (whose centre of perspective 
is 2), passes through 73.04= L, and this same line MP, being the axis 
for 157 and 842 (whose centre of perspective is 0), passes through 57.42 = N. 
Hence L, M, N, P are all collinear, as desired. 
Similarly, the axis of perspective for 678 and 012 passes through the 
centre for 012 and 345, while the axis for 012 and 345 passes through 
the centre for 345 and 678. 
Instead of applying Desargues’s theorem to 157 and 842 (to show that 
MP passes through N), Al-Dhahir [l, p. 31 applies Pappus’s theorem 
to 126 and 873. (His 
1, 2, 3, l’, 2’, 3’, l”, 2”, 3”, Ll, L2, L3, 0” 
are our 
0, 1, 2, 6, 7, 8, 3, 4, 5, L, Jf, N, P.) 
John Rigby has proved a stronger theorem (embodying Al-Dhahir’s 
Theorem 4) which holds in any “harmonic” plane, that is, in any Moufang 
plane whose characteristic is not 2. 
8. A THREE-WAY SELF-POLAR PAPPUS CONFIBURATION 
The following related theorem [2, p. 971 was proved by Alex Rosenberg 
[9, p. 66; 9a, p. 751: 
If two triangles belonging to the same Graves cycle are polar triangles 
with respect to a conic (circumscribed to one and inscribed in the other), 
the remaining triangle in the cycle is self-polar. 
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Referring to fig. 10, suppose triangles 345 and 678 are polar with respect 
to a conic 9 (so that 78, 68,67 are the tangents to D at 3,4,5, respectively). 
Consider the complete quadrangle 0123, whose pairs of opposite sides 
are 01 and 23= 34, 02 and 13= 35, 03 and 12. Since 01 passes through 8, 
the pole of 34, and 02 through 7, the pole of 35, the first two pairs are 
conjugate lines. Hence, by the dual of Hesse’s theorem [15, p. 681, 03 
and 12 are conjugate. Therefore 0 (on 45) is the pole of 12 (through 6). 
Similarly 1 is the pole of 02, and 2 of 01. Hence 012 is a self-polar triangle. 
Fig. 10. One of the three tonics. 
Since the nine points 
0, 1, 2, 3, 4, 5, 6, 7, 8 
are the poles (with respect to Q) of the nine lines 
a=12, b=O2, c=Ol, d=78, e=68, f=67, g=45, h=35, i=34, 
the automorphism D of 5.2 is just the polarity with respect to Q. In 
other words, this “perspective” Pappus configuration (in which every 
two of the triangles 012, 345, 678 are perspective) is not merely self-dual 
but self-polar. Taking 5 7 into consideration, we deduce that the same 
configuration is self-polar also for at least two other conics (fig. ll), say 
Z and S, yielding polarities 
(0 4 (1 4 (2 f) (3 g) (4 N (5 i) (6 a) (7 b) (8 ch 
(0 d (1 V (2 i) (3 4 (4 b) (5 4 (6 4 (7 4 (8 f). 
In other words, 
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Fig. 11. An &polar system of three tonics. 
Every perspective Pappw conjiguration is self-polar for at least three conic-s. 
The symbols 52, Z, S have been chosen for agreement with Baker 
[3, p. 149*]. Although he did not mention the fact that he was describing 
a special kind of Pappus configuration, his points 
A, B, C, X, Y, 2, L, M, N 
can easily be identified with our 0, 1, 2, 3, 4, 5, 6, 7, 8. The polarity D, 
interchanging the triangles 345 and 678, also interchanges the conies Z 
and S. Thus every two of the three conies 52, .Z, S are polar reciprocals 
with respect to the third, and every two are symmetrically related. Along 
with the family of triangles (such as 678) inscribed in Z and self-polar 
for S, there is another family self-polar for S and inscribed in Sz. Thus 
the three conies are mutually apolar: their mutual invariants @ and @’ 
are both zero. Moreover, as Baker showed, each is the harmolzic envelope 
of the other two, and thus they constitute a harmonic system or apolar 
system [37, p. 2361. 
(To be continued) 
*) Baker’s lines AL, BM, CN concur on the hyperbola, S through A, B, C, 
while LX, MY, NZ concur on the ellipse Z through L, M, N. The third conic Q 
(through X, Y, 2 and the common point of AX, BY, CZ) should have been drawn 
as & parabola. This error of Baker’s was noticed by Sahib Ram Mandan. 
